We study spectral properties of the Laplace-Beltrami operator on two relevant almost-Riemannian manifolds, namely the Grushin structures on the cylinder and on the sphere. As for general almost-Riemannian structures (under certain technical hypothesis), the singular set acts as a barrier for the evolution of the heat and of a quantum particle, although geodesics can cross it. This is a consequence of the self-adjointness of the Laplace-Beltrami operator on each connected component of the manifolds without the singular set.
Introduction
A 2-dimensional almost-Riemannian structure is a generalized Riemannian structure that can be locally defined by a pair of smooth vector fields on a 2-dimensional manifold, satisfying the Hörmander condition (see for instance [2, 8] ). These vector fields play the role of an orthonormal frame.
Where the linear span of the two vector fields is 2-dimensional, the corresponding metric is Riemannian. Where it is 1-dimensional, the corresponding Riemannian metric is not welldefined. Generically this happens on a 1-dimensional submanifold denoted by Z. However, thanks to the Hörmander condition, one can still define a distance between two points (called Carnot-Carathéodory distance), which happens to be finite and continuous.
Almost-Riemannian structures were introduced in the context of hypoelliptic operators [6, 21, 23] . They appeared in problems of population transfer in quantum systems [15, 16, 17] and have applications to orbital transfer in space mechanics [9] .
These structures present interesting phenomena. For instance, there may be a conjugate locus even if the Gaussian curvature is always negative, where it is defined (see [3] ). Moreover generically the singular set acts as a barrier for the heat flow and for a quantum particle, even though geodesics can pass through the singular set without singularities, see [13] . See also [11, 12] .
Not much is known about spectral properties of the Laplace-Beltrami operator on almostRiemannian structures. The only exception is the discreteness of the spectrum under some general assumptions in the compact case, proved in [13] . We remark that this result is not trivial since the considered structures, when genuinely almost-Riemannian, have always infinite volume.
In this paper we study the spectral properties of the Laplace-Beltrami operator ∆ in two relevant almost-Riemannian structures with infinite volume, one of which is non-compact. In particular, we obtain an explicit description of the spectrum, the eigenfunctions and their properties. This allows us to compute the asymptotic behavior of the eigenvalues counting function for −∆,
We obtain E log(E) as leading order, which is fairly unusual for the Laplace-Beltrami operators on 2-dimensional Riemannian manifolds [10, 22, 24, 30, 32] . In these settings, we also investigate the effects of hidden magnetic fluxes on this spectrum. To this purpose, we introduce a magnetic vector potential for the zero magnetic field whose flux is non zero. In the classical Euclidean cases, it is well understood that these fluxes, despite being classically invisible, affect the wavefunctions by introducing a change of phase. This is known as Aharonov-Bohm effect [1, 20] and requires the space to be non simply connected (one can imagine these hidden fluxes as passing through the points removed from the space).
If in the Euclidean case the effect of the hidden magnetic fields is surprising but somewhat simple, the same cannot be said for what concerns asymptotically hyperbolic manifolds with cusps. In such cases, as proved in [22] , a change in vector potentials (that preserves the magnetic fields, including the zero field) can drastically modify the spectral properties of the operator, e.g. by destroying the absolutely continuous component of the spectrum. This phenomenon can be useful for counting eigenvalues embedded in the absolutely continuous spectrum in non-separable problems [22, 28] .
In this work we show that the aforementioned drastic effect on the spectrum is present in almost-Riemannian manifolds. Additionally, we show that the degeneracy of the eigenvalues is extremely sensitive to the vector potential.
Due to the explicit nature of these examples, we are able to define a continuous parametrization of the Ahronov-Bohm vector potentials. This enable us to follow closely the mechanisms of decompactification of the spectrum in the limit in which a trapping vector potential (i.e. a vector potential for which the spectrum is purely discrete) becomes non-trapping (i.e. a vector potential for which the absolutely continuous spectrum is present). In this regime we can show that the Ahronov-Bohm perturbation strongly affects the structure of a subset of the eigenfunctions and makes it degenerate into the set of generalized eigenfunctions. Up to our knowledge this is the first result of this kind.
With the same techniques we are also able to study spectral properties of the LaplaceBeltrami operator on conic and anti-conic surfaces of the type considered in [14] . Here, the Aharonov-Bohm effect affects not only the spectrum but also the self-adjointness properties of the operator.
Almost-Riemannian structures under consideration
In this paper we consider only trivializable 2-dimensional almost-Riemannian structures i.e., structures globally defined by a pair of smooth vector fields (X 1 , X 2 ). 
We say that (X 1 , X 2 ) satisfies the Hörmander condition if Lie q (X 1 , X 2 ) = T q M for every q ∈ M . In this case we call the triple (M, X 1 , X 2 ) a trivializable almost-Riemannian structure. The pair (X 1 , X 2 ) is called the generating frame of the almost-Riemannian structure.
Trivializable almost-Riemannian structures are particular cases of rank-varying sub-Riemannian structures. These can be defined in terms of Euclidean bundles or in terms of sub-moduli of the modulus of vector fields, see for instance [2, 3, 4] . These are more general definitions than 1.1, since they permit to study structures that are defined by a pair of vector fields only locally, and more intrinsic, because they permit to avoid fixing the generating frame. However for the purpose of this paper it is more simple to work with structures defined as in Definition 1.1.
Notice that, thanks to the Hörmander condition, (q) is either one or two dimensional. The set where (q) is one dimensional is called the singular set and it is denoted by Z. Generically the singular set is a one dimensional sub-manifold of M and beside isolated points (q), q ∈ Z, is not tangent to Z, see [11] . Notice that the presence of the min is necessary since, where is one dimensional, there is more than one choice for u 1 and u 2 such that v = u 1 X 1 (q) + u 2 X 2 (q). 
By definition, the length of an admissible curve is
One can prove that the length of an admissible curve is well-defined since the map t → q(t) is measurable [2] . Definition 1.4. Given q 1 , q 2 ∈ M we define their Carnot-Carathéodory distance as
In this definition T can be fixed or not, since the length (q(·)) is invariant by reparametrization of the curve.
It is well-known that the distance d is well-defined (Chow Theorem [18] ) and endows the manifold with a metric structure compatible with its original topology, see [2, 8, 27] . When Z is empty, the Carnot-Carathéodory distance is the Riemannian distance for which (X 1 , X 2 ) is an orthonormal frame.
Notice that if (M, X 1 , X 2 ) is an almost-Riemannian structure, then for every smooth
defines an equivalent almost-Riemannian structure. Here, by equivalent we mean that (X 1 , X 2 ) and (Y 1 , Y 2 ) define the same (q), the same norm of vectors in (q), and hence the same distance.
Given an almost-Riemannian structure (M, X 1 , X 2 ) and a point q 0 ∈ M it is always possible to find a neighborhood U of q 0 such that (M,
where, in coordinates (x, y),
for some smooth function f . With this choice, the singular set Z is the zero-level set of f . On U \ Z the Riemannian metric g, the area element dω, and the Gaussian curvature K are . The black (self-intersecting) curve line is the wave front (i.e., the end point of all geodesics at time 1). For the explicit expression of these geodesics see for instance [13] .
The gradient of a smooth function ϕ is
and the divergence of a vector field
As a consequence, the Laplace-Beltrami operator is
Notice that this operator is not well-defined on Z as a consequence of the divergence of the volume.
In the following we introduce the two main structures studied in this paper and we describe some of their properties.
Grushin almost-Riemannian structure on the cylinder
The generating frame on M = R × S 1 . Notice that they cross the singular set (red circle) with no singularities. For the explicit expression of these geodesics see for instance [13] .
defines the so-called Grushin almost-Riemannian structure on the cylinder. For this structure the singular set is Z = {0} × S 1 . On M \ Z the Riemannian metric g, the area element dω, and the Gaussian curvature K are
Notice that dω is not integrable on any open set intersecting the θ axis.
Hence as shown in [13] it separates in the direct sum of its restrictions to M ± = R ± × S 1 . Therefore, w.l.o.g. we will focus on ∆ on M + .
Notice that the Grushin metric restricted to M + is not geodesically complete, since geodesics can exit M + in finite time. Moreover, even if the heat does not flow from M + to M − , due to the self-adjointness of ∆ restricted to M + we have that M + is not stochastically complete (roughly speaking, the L 1 norm of solutions decreases in time). The same happens for M − . For further details see [13, 14] .
Grushin almost-Riemannian structure on the sphere
The Grushin almost-Riemannian structure on the sphere is the trivializable almost-Riemannian structure obtained by taking as generating frame two unitary rotations along two orthogonal axis. More precisely, S 2 = {y 2 1 + y 2 2 + y 2 3 = 1} and
Passing in spherical coordinates (y 1 , y 2 , y 3 ) = (cos x cos φ, cos x sin φ, sin x) and rotating
we obtain the generating frame
For this structure the singular set is Z = {0} × S 1 , while the singularities for x = ±π/2 are apparent and due to the choice of the coordinates. On S 2 \ Z the Riemannian metric g, the area element dω, and the Gaussian curvature K are
Notice that dω is not integrable on S 2 .
The associated Laplace-Beltrami operator on
This operator is essentially self-adjoint with domain
and its spectrum is purely discrete as shown in [13] . Similarly to the cylinder case, this operator separates in the direct sum of its restrictions to the north and south hemispheres S ± , cutted at the equatorial singularity. Thus, we will restrict to consider ∆ on the north hemisphere S + .
This almost-Riemannian metric has been first defined in [17] .
Main results
We now state the results, proved in the rest of the paper, regarding spectral properties of the Laplace-Beltrami operator associated with the Grushin metric on the cyilinder and on the sphere, both without and with an Aharonov-Bohm magnetic field. Note that we use the convention 0 ∈ N. When needed, we will denote N 0 = {0} ∪ N
Spectra of the Laplace-Beltrami operators
In the following theorem we describe explicitly the spectrum of the Laplace-Beltrami operator on the Grushin cyilinder.
The corresponding eigenfunctions are given by
where W ν,µ is the Whittaker W-function of parameters ν and µ.
Through the above explicit description, it is then possible to calculate the Weyl law for the Grushin cylinder.
Corollary 1.2 (Grushin cylinder case). The Weyl law with remainder as E → +∞ is
where γ is the Euler-Mascheroni constant.
A similar kind of results can be obtained also for the Laplace-Beltrami operator of the Grushin sphere.
Theorem 1.3 (Grushin sphere case). The operator
where F (a, b; c; x) is the Gauss Hypergeometric function with parameters a, b, c.
Corollary 1.4 (Grushin sphere case). The Weyl law with remainder as E → +∞ is
Spectra of the Aharonov-Bohm perturbed Laplace-Beltrami operator
To mimic the Ahronov-Bohm effect for the Laplace-Beltrami operator in the Grushin cylinder we consider the connection (e.g. a one-form) ω b = −ib dθ, b ∈. A computation like the one described in Section A.1 leads to the following expression for the associated magnetic Laplace-Beltrami operator on the Grushin cylinder,
As expected, for b = 0 this coincides with ∆.
As first results, we obtain the following explicit description of the spectrum of the operator ∆ b , which will allow to compute the corresponding Weyl law.
When b ∈ Z the operator has in addition absolutely continuous spectrum [0, +∞). When b ∈ Z the spectrum has no absolutely continuous part. In any case, the eigenfunctions are For this operator, we can also explicitly describe the degeneracy of the spectrum, depending on the value of b.
Corollary 1.6. If b ∈ Z, the Weyl law is the one of Corollary 1.2. If b ∈ Z, let κ ∈ Z be the closest integer to b. Then, the Weyl law with remainder as E → +∞ is
N (E) = E 2 log(E)+ E 2 1 2|κ − b| + γ − 2 log(2) − ψ(1 − |κ − b|) + ψ(1 + |κ − b|) 2 +O(1),
Theorem 1.7 (Degeneracy of the spectrum in the Grushin cylinder case). Let d(n) denote the number of divisors of n. Then,
• If b ∈ R \ Q, the spectrum is simple.
• If b ∈ Q, the discrete spectrum is degenerate in the following sense: each eigenvalue λ has multiplicity bounded from above by 2d(λ/4). • If b ∈ Z, the eigenvalues achieve the maximal degeneracy and the multiplicity is exactly
(in particular it is bounded below by 2).
Remark 1.2. A direct consequence of the previous theorem is that the maximal multiplicity of the eigenvalues has very slow growth. In fact, it is well known [5] that as
for any > 0.
Finally, we can give deeper information on the decompactification of the spectrum in the limit b → k and the corresponding degeneration of the eigenfuctions. As an immediate consequence of Theorem 1.5 we have the following.
Corollary 1.8 (Decompactification of the spectrum on the Grushin cylinder). Fix k ∈ Z.
Then, for every n ∈ N, the spacing between the eigenvalues 
Theorem 1.9 (Degeneration of the eigenfunctions on the Grushin cylinder
uniformly on compact sets. The proof is similar to the one of Theorem 1.9 with n j replaced by n(b). On the Grushin sphere we consider the magnetic Laplace-Beltrami operator induced by the magnetic vector potential ω b = −ib dφ on the north emisphere of S 2 with removed north pole S • + and Dirichlet boundary conditions. See Section 3.3 for more details. The corresponding operator is
We then have the description of the spectrum and the corresponding Weyl law, depending on b. 
As a consequence of the explicit description of the spectrum, we obtain the following.
Corollary 1.11. The Weyl law with remainder as E → +∞ is
where γ is the Euler-Mascheroni constant, and the big O is uniformly bounded w.r.t. b.
The degeneracy of the spectrum for the Laplace-Beltrami operator on Grushin sphere is less explicit than the one in Theorem 1.8. Indeed, we can only obtain the following result. A brief but more detailed discussion of the topic can be found in Section 3. Corollary 1.12 (Degeneracy of the spectrum in the Grushin sphere case). If b ∈ R \ Q the spectrum is simple, if b ∈ Q the spectrum is finitely degenerate.
More general results on conic and anti-conic type surfaces
The effect of the Aharonov-Bohm perturbation can be even stronger than the one we saw in almost-Riemannian geometry when considering the more general structures studied in [14] . Consider on M := (R \ {0}) × S 1 the orthonormal frame
Here (x, θ) ∈ M and α ∈ R is a parameter. In other words we are defining a Riemannian manifold (M, g α ) where the metric in matrix notation is given by
The corresponding volume form on M is dω α = |x| −α dxdθ For any α ≥ 0, this metric can be completed in R×S 1 in such a way that the corresponding distance induces the topology of a cylinder. In particular, when α is a positive integer this is a trivializable almost-Riemannian structure in the sense of Definition 1.1.
When α < 0 this metric can be extended in R × S 1 / ∼, where p ∼ q if p = q or p, q ∈ {0} × S 1 . The corresponding distance induces on R × S 1 / ∼ the topology of a cone.
As in [14] we consider the Fourier decomposition
Moreover, on C ∞ c (R \ {0}):
• if −3 < α ≤ −1 for every k = 0 the operator∆ α,k is essentially self-adjoint, whilê ∆ α,0 is not;
As in the previous section, we turn on the Aharonov-Bohm perturbation considering the connection ω b = −ibdθ. The corresponding Laplace-Beltrami operator is
Through the previous Fourier decomposition we get for each H k the operator
The proof of Proposition 1.13 applied to (1.9) yields the following. The Aharonov-Bohm effect on the spectrum extends to this more general setting as follows. ∈ Z no Fourier component produces a continuous spectrum. This is a well-known phenomena in the case of asymptotically hyperbolic manifolds with finite volume [22] , but completely new in this setting.
Further study of the cases α < 0 is outside the scope of this paper. As a side remark, note that the case α = −1 considered on R + × S 1 coincides with the standard AharonovBohm Laplacian in polar coordinates. Moreover, in the case α = −1/2, −∆ b α has discrete spectrum accumulating at 0 and absolutely continuous spectrum in [0, +∞). When b ∈ Z an additional family of eigenvalues accumulating at 0 appears.
Structure of the paper
The paper is organized as follows. In Section 2 we study the Grushin metric on the cylinder. In Section 3 we study the Grushin metric on the sphere. Finally, in the Appendix we collect some technical details.
Spectral analysis and the Ahronov-Bohm effect for the Grushin cylinder
In this section we study the spectrum of the Grushin cylinder, with or without an AharonovBohm magnetic field.
Grushin metric and associated Laplace-Beltrami operator
Recall from Section 1.1.1 that the Grushin almost-Riemannian structure on the cylinder defines on M + ∪ M − = (R \ {0}) × S 1 the metric g = dx 2 + x −2 dθ 2 , the volume dω = |g| dx dθ = 1 |x| dx dθ and the Laplace-Beltrami operator
As already mentioned, this operator with domain C ∞ c ((R\{0})×S 1 ) is essentially self-adjoint in L 2 (M, dω) and hence the evolutions on the two sides of the singularity are decoupled. Thus, we will henceforth consider the self-adjoint operator ∆ acting only on M + . Namely, the domain D(∆) will be the closure w.r.t. the graph norm of C ∞ c (M + ). Recall the Fourier decomposition of L 2 (M + , dω) w.r.t. the varaible θ introduced in Section 1.2.3,
The operator ∆ decomposes as ∆ = k∈Z ∆ k , where
Since ∆ is essentially self-adjoint, each ∆ k is a self-adjoint operator on the closure w.r.t. the graph norm of C ∞ c (R + ).
Consider the unitary transformation
U : L 2 R + , 1 x dx → L 2 (R + , dx) defined by U v(x) := √ xv(x). The operator ∆ k is then transformed to L k := U ∆ k U −1 = ∂ 2 x − 3 4 1 x 2 − k 2 x 2 , D(L k ) = U D( ∆ k ). (2.1)
Spectral properties of the Laplace-Beltrami operator
Since the spectrum is invariant under unitary transformations, it follows from (A.1) and (A.2) that we can reduce the study of the spectrum of ∆ to that of the operators L k . Exploiting this reduction we can easily prove Theorem 1.1. 
Through the change of variables |k|x 2 → z and multiplying by 4(k 2 )z, we obtain (z). The solutions of the eigenvalue problem (2.2) are then
Through the asymptotic expansions of M ν,µ and W ν,µ (see e.g., [7] ) one easily sees that u 1 is never square-integrable near infinity. On the other hand, u 2 ∈ L 2 (R + ) if and only if there exists a non-negative integer such that − = 
Then, the operator L 0 given by (2.1) can be interpreted as a Laplace operator with a relatively infinitesimally-bounded perturbation. It is a well known result [31] that its spectrum is purely absolutely continuous and equal to [0, ∞).
Finally, the statement follows from the definition of U −1 and the relations (A.1) and (A.2). 
Remark 2.1. Observe that (2.1) can be explicitly solved, it's solutions being of the form
For fixed k ∈ Z \ {0}, this implies that the couples (n, k) admissible in the above, are those such that n ≤ E/(4|k|). Moreover, it is clear that for any |k| > E/4 there exist no couple (n, k) is admissible. These facts and (2.4) yield the estimation
The well-known asymptotic formula (see e.g., [19] )
where γ is the Euler-Mascheroni constant, then implies the following asymptotic estimate as E → +∞,
Aharonov-Bohm effect
Now we look at the Aharonov-Bohm effect on the Grushin cylinder. As already introduced in Section 1.2.2, the magnetic Laplace-Beltrami operator on M + with vector potential
After the transformation U , introduced in Section 2.1, we obtain the following operator acting on
Through a straightforeward extension of the proof of Theorem 1.1, we immediately get Theorem 1.5. For b ∈ Z it is evident that the role of L 0 in the proof of Theorem 1.1 is now taken by L b .
Proof of Corollary 1.6. W.l.o.g. we restrict ourselves to b ∈ (−1/2, 1/2), therefore κ = 0. Clearly, if b = 0 the statement reduces to the one of Corollary 1.2. Thus we can assume b = 0.
Replacing k with |k − b| in the proof of Corollary 1.2 we observe that for k = 0 the additional term E/4|b| appears in the count. Thus, we can rewrite the counting function as
We now apply the following identity (see e.g., [29] )
and the asymptotic estimate as x → ∞
where ψ(x) is the digamma function and γ is the Euler-Mascheroni constant. By a straightforward computation we obtain
The general result then follows by shifting the above computation with b → |κ − b|.
We can now precisely determine the degeneracy of the eigenvalues, depending on the value of b.
Proof of Theorem 1.7. The proof is divided in three cases.
Case 1, b ∈ R \ Q: This immediately implies that |k − b| ∈ R \ Q. It is then straightforward to show that there exist no
. Observe that, due to the presence of a non integer b in the term |k − b|, not all the possible divisors can be considered. However, if a k > b can be taken, then there exists a k < b that will give an additional couple (k , n ). Case 3, b ∈ Z: In this case, equation (2.6) reduces to 4n |k − b| = λ n,k . Then, for any (n, k) with k = b, a simple computation shows that
However if n|k| is even, the combination n = k = λ K n,k+K /8 is repeated twice. Therefore the degeneracy is given by
Finally, this degeneracy cannot be achieved for b ∈ Q \ Z. In fact, it would require Z k = (qn + p)/q which is impossible for (q, p) = 1. Corollary 1.6 suggests that in the limit b → k, the number of eigenvalues in a finite interval explodes. Corollary 1.8 makes this statement more precise, namely
• for any fixed k ∈ Z and for any n ∈ N, the spacing between the eigenvalues
Proof of Corollary 1.8 (Corollary of Theorem 1.5). Observe that
(2.7)
Taking the limit for k → b in the above yields immediately the first statement. To prove the second statement, assume w.l.o.g. k ≥ 0 and define
This completes the proof of the second statement and hence of the corollary.
This limiting process affects also the eigenfunctions. Theorem 1.9 describes how the spectrum of the k-th Fourier components decompactifies in the limit b → k and produces the absolutely continuous part of the spectrum.
Proof of Theorem 1.9. Recall that ψ b n,k (x, θ) = e ikθ W n, 1 2 (|k − b|x 2 )/x. Since w.l.o.g. we can assume k = 0, to complete the proof it suffices to show that
Let us recall the following classical results (see resp. [26] and [7] ).
Here L α n is the generalized Laguerre polynomial of degree n with parameter α and the limit is in the sense of uniform convergence on compact sets.
Define n j := 2j and b j := λ 4(n j + 1)
,
This completes the proof of (2.8).
Remark 2.2.
By changing the parity of the sequence n j used in the previous proof, we could change the sign of the limit in (1.5).
Spectral analysis and Ahronov-Bohm effect for the Grushin sphere
In this section we consider the Grushin almost-Riemannian metric on the sphere introduced in Section 1.1.2.
Grushin metric and associated Laplace-Beltrami operator
The Grushin almost-Riemannian structure introduced in Section 1.1.2 defines the metric g = dx 2 + tan(x) −2 dθ 2 on S + ∪ S − , the sphere S 2 without the equatorial line. The natural volume form defined by this metric is dω = |g| dx dθ = | tan(x)| −1 dx dθ and the associated Laplace-Beltrami operator is
As shown in [13] , the operator ∆ with domain C ∞ c (S + ∪ S − ) is essentially self-adjoint in L 2 (S 2 , dω) and hence the evolutions on the two sides of the singularity are decoupled. Moreover it has purely discrete spectrum. In the following we will consider the self-adjoint operator ∆ restricted to L 2 (S + , dω). Namely, the domain D(∆) will be the closure w.r.t. the graph norm of C ∞ c (S + ). As in the previous section we can separate the space using the orthoromal eigenbase of S 1 getting
On each H S + k the operator separates as
Spectral properties of the Laplace-Beltrami operator
Exploiting decomposition (3.1), we can describe the spectrum of ∆.
Proof of Theorem 1.3. We look for solutions φ ∈ H S + k of the eigenvalue equation
Since k appears in∆ k only squared, the eigenvalues are simmetric with respect to k = 0.
To simplify the notation, in the following we will assume k ≥ 0, but the same considerations hold for k < 0 substituting |k| to k. With the change of variables z = cos(x) 2 and writing φ(x) = (−z) k 2 ϕ(z), the eigenvalue equation becomes
The equation in bracket is a particular example of the well-known Euler's hypergeometric equations. Two linearly independent solutions can be found in terms of Gauss Hypergeometric Functions F (a, b; c; z) (see [7, Vol. 1, Ch. 2]) as follows:
Notice here that in the case
, k − 1 ∈ N 0 the first solution is not defined, in fact we are in the so called degenerate case and the only regular solution is φ 2 . Therefore we do not need to introduce the other corresponding linearly independent solution.
A solution is an eigenfunction of the Laplace-Beltrami operator if it is in H S + k . For this to be true, the solutions has to be square-integrable with respect to the measure dω := tan(x) −1 dx near 0. This is equivalent to be O(sin(x)) for x → 0 and, in particular, it is requires that the solution be zero at x = 0.
Let us recall that
Moreover, observing that
it is immediate to obtain φ 1 (0) = 0 if k ≥ 1. By the previous considerations, this implies that
Since k = 0 corresponds to the degenerate case, where the two solutions coincide, in the following we can restrict ourselves to consider only φ 2 .
By (3.3), in order for φ 2 (0) = 0 to hold there has to exist n ∈ N 0 such that λ satisfies
Solving the above for λ, yields the following expression for the candidate eigenvalue
In order to prove that the candidate eigenvalues λ + k,n are indeed eigenvalues, we check the order of convergence of the solutions. For this purpose we use the well-known identity [29, 15.2 
Plugging the values of the parameters for φ 2 in the above, and setting λ = λ + k,n , we obtain
This shows that φ 2 and his derivative have the correct behaviour in 0 and are regular at π/2, completing the proof. Finally, in order to obtain the expression of the eigenvalues and eigenfunctions given in the statement, it suffices to replace n + 1 with n in the definition of λ b n,k . The theorem then follows by the symmetry w.r.t. k = 0 of the problem.
We are now in a position to derive the Weyl law for the Laplace-Beltrami operator of the Grushin sphere.
Proof of Corollary 1.4 . By the simmetry of the eigenvalue problem w.r.t. k = 0, it follows that N (E) = 2#{k ∈ N, n ∈ N | λ n,k ≤ E} + #{n ∈ N | λ n,0 ≤ E}. Let N 0 (E) be the counting function for this second sum. It is easy to see that λ(0, n) ≤ E for n ∈ 0, √ E/2 .
be the counting function for positive values of k. A simple computation shows that λ(k, n) ≤ E if and only if
Then we have
and consequently
Due to the asymptotic estimate (2.5), we immediately get the following asymptotic estimate as E → +∞
This completes the proof.
It follows from Theorem 1.3 that for k = 0 the operator∆ k acting on H k presents an infinite amount of eigenvalues accumulating at infinity that can be explicitly described by Observe that only one of those eigenvalues attains the higher multiplicity of 110, far below than our upper bound.
Due to the symmetry w.r.t. k of λ n,|k| , all the eigenvalues are at least double degenerate. Moreover, this degeneracy must be finite. In fact it is enough to observe that each operator has a ground state of energy greater than λ 1,|k| = 4(|k| + 1), and that the function n → λ n,|k| is increasing in n ∈ N.
With little work it is possible to shows that the degeneracy of an eigenvalue λ can be easily bounded above by (λ − 4)/2 but this is far from being optimal. In fact, the computation of the first five million eigenvalues (see Figure 3 .1) suggests the growth of the degeneracy to be irregular and slow as in the case of the Grushin cylinder (see Theorem 1.7). We remark that ploting more eigenvalues yielded qualitatively the same plot. Unfortunately, it is not possible to obtain a more precise description of the degeneracy with the simple techniques employed in Theorem 1.7. Indeed, in this case the problem reduces to counting the number of solutions of a non-linear Diophantine equation, which is well-known to be an hard problem.
Aharonov-Bohm effect
We now consider the Aharonov-Bohm on the Grushin sphere. Since S 2 is simply connected, any closed form is exact and hence we cannot hope to obtain an Aharonov-Bohm effect without artificially poking a hole in the manifold. This is the same phenomena as in the original Aharonov-Bohm effect [1, 20] .
In this section we will thus consider the magnetic Laplace-Beltrami operator induced by the magnetic vector potential ω b = −ib dφ, b ∈ R, on the north hemisphere of S 2 with the north pole removed, denoted by S • + . Note that on S • + the corresponding magnetic field is 0. The resulting operator is
That decomposes in the Fourier components
It is important to remark that, due to the forceful removal of the origin (the north pole), this magnetic Laplace-Beltrami operator is not essentially self-adjoint on C ∞ c (S • + ). As is customary for the standard Aharonov-Bohm effect on R 2 , we will consider the self-adjoint extension obtained by posing Dirichlet boundary conditions on the origin. Namely, we will take as domain the closure of C ∞ c (S • + ) w.r.t. the Sobolev norm W We then proceed similarly to the proof of Corollary 1.4, splitting the counting function in two components N − (E) and N + (E), depending on wether k is smaller or bigger than b. The estimates on N + (E) and N − (E) are then obtained as in Corollary 1.4, paying attention to the presence of b. Indeed, in the notation of the proof of that corollary, in both cases we obtain K(n) = E − 4n 2 4n + |b|.
Since the sum has to be computed for n ≤ η 1 (E), given by
it is easy to see that b only appears (linearly) in the O( √ E) term. Since |b| ≤ 1/2 this completes the proof.
As already anticipated in the previous section, the degeneracy of the spectrum for the Grushin sphere seems to be of similar nature as for the Grushin cylinder, at least from a numerical point of view, but having a precise control on it is much more involved and probably not possible at present. However, one can still prove that the degeneracy is very unstable with respect to the parameter b and, in particular, that the spectrum is simple for b ∈ R \ Q and finitely degenerate for b ∈ Q. This is summarised in Corollary 1.11 and it follows from an argument very close to the one in the proof of Corollary 1.7.
